I. INTRODUCTION
Within every boulder, a grain of sand lies waiting. Large rocks are lifted to the tops of distant mountains through plate tectonics, where vegetation and erosion break them into smaller and smaller pieces. Gravity pulls them down into valleys, where water runoff from rain or melting snow carries the smaller particles ͑the size distribution can range from meters to fine silt͒ toward the ocean.
1 A given grain of sand takes approximately 10 000 years to be transported one mile closer to the ocean. Smaller particles are easier to move, so that the average size of the grains continually decreases in the river currents, until at the ocean's edge there is a fairly monodisperse size distribution of sand grains. Granular material extends underwater approximately 100 miles from the water-sand interface ͑termed the beach͒ before oceanic pressure compresses the granular material back into solid rock. At that point plate tectonics results in either subduction with consequent melting of the material into its constituent elements, or uplifting during the formation of new mountain ranges. In the latter case the entire cycle may then be repeated. If a complete cycle requires 100 million years, then certain grains of sand on your favorite beach may have undergone several such round trips to bring them to their present state. 1, 2 A typical grain of sand has a diameter ranging from 1 mm to 400 m. According to Brown and Richards, 3 ''granular media'' consist of discrete solids in direct physical contact most of the time, as compared to slurries, fluidized beds and suspensions. Granular material of diameter less than 100 m are referred to as powders, while those of diameter less than 10 m are superfine powders and those below 1 m are hyperfine powders. At the other extreme, any particulate with a diameter greater than 3 mm is a pebble, an aggregate ͑such as employed in concrete͒ or a rock, depending on its size. There is a lot of sand on the planet-approximately 10 million cubic miles, all told. Over 10% of the Earth's surface consists of deserts, and if all the sand in the world were deposited on the United States it would cover this country to a thickness three miles high.
1
A select group of physicists have investigated the properties of granular media, dating back to the 17th century. Coulomb addressed the issue of the origin of the static angle of repose, 77 defined as the maximum angle that a sandpile can be constructed while remaining stable against gravity-driven avalanches. The nature of the mechanisms underlying a sandpile's angle of repose remains a topic of intense research interest today. Once the sandpile begins to flow, the moving sand expands under shear, so that the grains of sand move out of the way of each other. This dilatancy was noted and described by Osborne Reynolds, 91 whose contributions to fluid dynamics are honored, in part, by the dimensionless number that bears his name. The patterns and structures that wind-driven sand create were catalogued and analyzed by Ralph A. Bagnold, 4 whose pioneering investigations of Aeolian geomorphology were similarly recognized and commemorated through a dimensionless number ͑the Bagnold number, expressing the ratio of the forces due to friction and collisions between solids to the forces arising from the surrounding viscous fluid͒. So closely is Bagnold associated a͒ Electronic mail: Kakalios@umn.edu with the study of sand dunes that he appears as a minor character in Michael Odjede's 1992 novel The English Patient ͑Alfred A. Knopf Inc., New York͒.
In addition to its intrinsic scientific interest and geological significance, the study of the statics and dynamics of granular materials has profound industrial and commercial applications. Nearly 80% of everything manufactured or grown in this country exists in at least one stage in its development as a granular material. Expenses involved with powder processing in the pharmaceutical, agricultural, and construction industries in this country alone are estimated to be on the order of $80 billion a year. Approximately 3% of all the electrical power generated in this country is utilized in the single application of grinding metal ores into powders, which are then separated using surfactants before alloying and recasting. 33, 34 Nearly 20 pounds of surfactants for every man, woman, and child on the planet are manufactured every year, with their largest application being the flotation of metal particles from low-yield ores. 12 No doubt owing to its broad and immediate relevance for practical applications, the study of granular materials has been effectively ignored by physicists ͑aside from the few noteworthy exceptions mentioned above͒ until fairly recently, and investigations of the properties of granular systems have been primarily carried out by chemical, civil, and mechanical engineers.
This situation changed in 1987, with the publication in Physical Review Letters of ''Self Organized Criticality: A Universal Explanation for 1/f Noise'' by Per Bak, Chao Tang, and Kurt Wiesenfeld, 92 who presented a mathematical model for fluctuations in disordered systems, in particular for their tendency to exhibit spectral densities that vary as the inverse of the frequency f ͑hence the descriptive term ''1/f noise''͒. Bak, Tang, and Wiesenfeld used as their representative model the size distributions of avalanches for a sandpile at the critical angle of repose to which additional sand is added at a uniform rate. Their model predicted that this simple system would, without any external tuning, organize itself into a critical state ͑as in a ''critical'' or second-order phase transition͒ whereby the mass distribution of the avalanches would exhibit a 1/f power spectrum. Computer simulations of one-dimensional cellular automata sandpiles provided support for their model. 92 The great excitement engendered in the physics community by the possibility that ''self-organized criticality'' was the start of a new theory for complex systems was tempered two years later. By then experimental evidence indicated that fluctuations in the magnitude of avalanches in real sandpiles are described by power spectra characterized by a Lorentzian frequency dependence ͑that is, constant for low frequencies and a 1/f 2 dependence above a characteristic frequency determined by the system's properties͒, rather than a power-law frequency dependence. 93 Notwithstanding the controversy over the avalanche fluctuations, the publication of the Self-Organized Criticality ͑SOC͒ model can be considered a seminal event in the study of the physics of granular media. Regardless of whether or not the SOC model provides any insight into 1/f noise, it was at least partly responsible for the subsequent wealth of attention paid by physicists to granular systems, inspiring experimental and theoretical investigations of the fascinating nonlinear dynamics exhibited by these deceptively simple seeming systems. The SOC paper, referring to 1/f noise phenomena, stimulated the interest of those physicists primarily interested in the electronic properties of solids. However, at the same time ''soft'' condensed matter physicists were also turning their attention to granular media, motivated by their interest in pattern formation in dynamically driven systems. 122, 132 These papers, also published in 1989, clearly demonstrated, independent of the question of the applicability of SOC, that there was interesting physics waiting to be uncovered in the study of granular systems.
Despite extensive and thorough investigations, both theoretical and experimental, carried out by the engineering community over the past 50 years, there remain many important unanswered questions in granular media that physicists have begun to address. One of the more striking phenomena exhibited by granular materials is the size or mass segregation of two or more different granular species when dynamically driven. Rather than leading to further mixing, as commonsense might suggest, spontaneous segregation can be observed when mixtures are vertically shaken, rotated in a horizontal cylinder about its long axis, or simply poured into a vertical Hele-Shaw cell with narrow plate separations. The simple process of pouring a mixture from a discharge hopper turns out to be not so simple, as convective rolls will develop within the hopper, leading to size segregation. The occurrence of jamming of hopper discharges at the orifice has been studied as an example of a kinetically driven transition, not unlike the glass transition. The segregation of granular materials that differs by size, shape, mass, density, or surface roughness is a major concern for the pharmaceutical industry, for example, where granular systems need to be well mixed and homogeneous over length scales of a pill diameter or less. The elucidation of the basic mechanisms underlying this phenomenon, in which physicists have played an important role, will lead to reduced costs and improved efficiencies in this and other important industries.
The following discussion is a selective overview of some of the fascinating characteristics and phenomena found in granular media. The breadth of this field, coupled with the rapid pace of publications, has led to the regrettable yet inevitable exclusion of many significant topics. It would be all too easy to expand the length of this Resource Letter into a full monograph. That would be unnecessary, as many excellent books on this subject are already in print, as indicated in Sec. II B. The reader is advised to begin with Jacques Duran's Sands, Powder and Grains.
5 At just over 200 pages, it provides a highly readable and comprehensive introduction to the physics of granular media. I will consider in this Resource Letter only granular systems for which the interstitial fluid between the grains is dry air. In this case, the forces acting upon any given grain include only gravity, electrostatics, and contact forces from neighboring grains. The presence of water between the granular contacts leads to cohesive forces between grains that can alter dramatically both the statics and dynamics of a sandpile. A complete discussion of the influence of humidity and its attendant cohesiveness on granular dynamics would warrant a separate Resource Letter. Moreover, I will focus on properties of granular media easily accessible through 
III. PACKING
The volume occupied by granular particles in a container is determined by their configuration, and depends on local contact forces, the container's geometry, friction between grains and with the container walls, and the details of the system's history. In this sense granular media have more in common with nonequilibrium melt-quenched glasses than thermodynamic solids or liquids, whose properties are independent of thermal history. A grain of sand or powder is a macroscopic object, with many internal degrees of freedom. Consequently any kinetic energy introduced into the granular system is rapidly dissipated through inelastic collisions between particles. Therefore, in the absence of an external driving force, the configuration of the pile will remain unchanged.
For a granular system with dry inert air ͑that is, considering only the static case of no net air flow͒ as the interstitial medium, the intergrain forces are entirely classical, consisting of contact and frictional forces, both being electrostatic in nature. In the absence of cohesive forces, the geometry of a granular system is determined solely by gravity and the boundaries of the container. The gravitational potential energy of a particle in a sandpile is approximately 10 12 times greater than the thermal energy kT at room temperature. 29, 36 One can therefore consider granular media to be thermodynamically at zero degrees, and the properties of the sandpile are determined by the specific details under which the pile was constructed. An important consequence is that within a granular system, stable arches and voids may develop, so that a vertical load owing to a mass of grains can have a significant horizontal component. A graphic illustration of this phenomenon is reflected in the collapse of grain silos, which frequently fail owing to large pressures on their sides rather than at their base. 52 These arches play a role in dilatancy, 91 in which a vertical force applied to the top of a granular system leads to the creation of new voids, which decreases the system's density. That is, sand deforms in the presence of shear stresses, and will only compact under isotropic pressure. This accounts for the dry footprints one leaves behind when walking along a wet, sandy shoreline. The water-saturated sand underfoot expands and develops new voids and pores, into which water drains, leaving the top surface drier than its surroundings. Capillary action will eventually restore the top surface to its prior wet appearance.
The possibility that stable arches can form indicates that the volume an ensemble of granular material occupies is a highly sensitive function of the connections between grains. The densest packing of granular material corresponds to a crystalline hexagonal close-packed ͑or face-centered-cubic͒ structure for spherical grains, which has a packing fraction of 0.74. The random close packing of spheres has a packing fraction of 0.63, while a packing fraction of 0.55 is found for a random loose packing in the limit of zero gravitational force, determined by studying glass spheres in a liquid whose density is chosen to approach neutral buoyancy conditions. 55, 56 The difference between these two packing extremes corresponds to a variation in the average intergrain separation of only ϳ10%.
57,58 A granular system prepared in a random configuration and then disturbed, such as by periodic vertical taps to the container, will explore some portion of configurational space in a limited way as it settles to a lower volume ͑''contents may have settled during shipping''͒. The dynamics of a granular medium as it slowly relaxes with a logarithmic time dependence to a denser configuration has been mapped to the ''random-parking'' problem.
73 Even after 10 6 separate taps, a granular system in a cylindrical container whose height is very much larger than its diameter shows no evidence of reaching a timeindependent stable final state. 59-63,68 -76 The large number of internal degrees of freedom for any given grain of sand results in collisions being highly inelastic. In this way kinetic energy between interacting particles is rapidly lost, and clustering or clumping of particles moving in a restricted geometry is observed. This effect, termed ''inelastic-collapse,'' leads to a divergence of the collision frequency for some of the particles. This significant experimental phenomenon is a major complication in numerical simulations. 
IV. ANGLE OF REPOSE
One of the earliest scientific studies of granular media addressed the basic physical mechanisms underlying the angle of repose of a dry, cohesiveless sandpile. 77 When individual grains of sand are dropped from a given vertical height onto a horizontal surface, they come to rest through inelastic collisions with the horizontal base plate and with each other. If a grain lands on top of another grain, it will most likely tumble off, unless the surrounding area is already occupied with other sand grains. In this way the dropped grains form a sandpile. If the location of the source of falling grains does not vary, the resulting pile will be approximately conical in structure, with a triangular vertical cross section where the free surface makes an angle m with the horizontal. This is termed the maximum angle of stability. For a sandpile whose free surface makes an angle shallower than m with the horizontal, the random configuration of the sand grains held together by contact normal forces, intergrain friction, and gravity will be stable ͑excepting the possibility of frictional creep 101 ͒. The pile will remain in this configuration indefinitely unless the base plate is disturbed or further grains are added to the pile. In this sense the sandpile can be considered a ''solid,'' for no fluid, regardless of its viscosity, will retain its shape against gravity for sufficiently long times. If the base plate is now tilted, so that the free surface of the conical pile makes an angle larger than m with the horizontal, gravitational forces overwhelm frictional drag and the sand grains on the surface of the pile form an avalanche down the surface. 78, 79 At this point the sandpile pours like a fluid, though with a crucial distinction from Newtonian fluids discussed in Sec. V. This avalanche continues until the free surface makes a smaller angle r , termed the angle of repose, with the horizontal surface. Experimental and numerical investigations have found that the angle of repose r for a dry sandpile depends on the density of the grains, the coefficient of sliding and rolling friction, particle size, and surface roughness and shape. [80] [81] [82] [83] [84] [85] [86] The presence of a small amount of interstitial liquid introduces cohesive forces owing to the liquid bridges between neighboring particles. This cohesive force can overwhelm gravity and intergrain friction, and the free surface of a moist sandpile can be nearly perpendicular to the horizontal, a beneficial property during the construction of sandcastles at the beach.
The distribution of applied loads is highly nonuniform for a random geometry of contacts in a dry, cohesionless sandpile. The inhomogeneous network of contacts leads to the development of ''force chains,'' through which loads percolate within the sandpile. In this way regions within a sandpile may be shielded from forces, whether an externally applied load or the weight of the material above it. Detailed experimental investigations have explored the influence of intergrain friction and packing order on the length and distribution of these force chains. The ''packing-order'' term refers to the detailed history of the grains of sand within the pile. Two sandpiles, containing the same number of the same type of particle but differing in their placement, either in a crystalline configuration or an amorphous pile, will differ greatly in their force network distribution. 80, 83, 87, 88 These force chains can be imaged in two-dimensional systems using polymer discs whose polarization axis rotates under strain. As shown in Fig. 1 , when a two-dimensional sandpile is viewed through crossed polarizers, the weight of the pile is selectively carried by a subset of random contacts ͑which appear bright in this image͒ throughout the system. 52, 83 The sensitivity of the sandpile's mechanical properties on the intergrain connections is also reflected in its ability to propagate sound. 89, 90 Acoustic vibrations depend critically on the compression and expansion of contacts between neighboring grains. Consequently, in the long-wavelength limit ͑long, that is, compared to both the diameter of the granular species and any arches͒ the variation of contact pressure with depth in the granular system leads to a nonlinear dispersion of acoustic waves, the net effect being to deflect horizontal sound waves orthogonally to the direction of propagation. Owing to this acoustical dispersion, granular media function as highly effective vibration-isolation systems. Time-of-flight experiments find that the leading edge of an acoustical pulse in granular material corresponds to a ''speed of sound'' of ϳ280 m/s. In addition, at lower wavelengths, the acoustic response displays a ''noisy'' frequency dependence that is reproducible and stable in time. However, if the granular system is disturbed ͑such as by running one's finger through the sandbox͒ the ''noisiness'' of the frequency response changes to another, stable, reproducible pattern. Clearly, the detailed nature of the force chains throughout the granular system plays a central role in determining the properties of the fundamental excitations of the system. Lett. 68, 2301-2304 ͑1992͒. Measurements of the spectral density of vibrations recorded through a three-dimensional granular system are reported. The power spectra decay with a power-law frequency dependence over five decades in frequency. The stability of the frequency response was an early indication of the influence of force chains on the granular system's dynamical behavior. ͑A͒ 90. ''Spatial Patterns of Sound Propagation in Sand,'' Chu-heng Liu, Phys. 
V. AVALANCHES AND GRANULAR FLOW
As mentioned in Sec. I, physical sandpiles do not display the 1/f distribution in avalanche size that the Self-Organized Criticality model 92 was intended to account for, using cellular automata simulations of sandpiles as the archetypal example. Initially, there was some controversy over the Chicago results, which found that the distribution of avalanches had a Lorentzian frequency dependence rather than a powerlaw frequency dependence.
93 A Lorentzian power spectrum for the distribution of avalanches indicates that there is a characteristic size to the granular avalanches. This agrees with the observation that only grains within a wedge between the maximum angle of stability m and the angle of repose r participate in an avalanche in a continuously driven system. However, Held and co-workers at I.B.M. in 1990 observed avalanche distributions consistent with SOC predictions.
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After a dispute over whether the findings depended on the use of ''Chicago'' sand or ''New York'' sand, a consensus developed that Held's results were due to finite-size effects, and when the size of the experimental system is increased, the agreement with SOC disappears.
94 -97 A recent development is the report of avalanche distributions as predicted by Self-Organized Criticality when the granular system consists of long-grain uncooked rice, but not when spherical beads or sand grains are employed. The role that the highly asymmetric geometry of the granular media may play in the avalanche dynamics remains under investigation. 98, 99 One of the complications in developing a hydrodynamic model for granular materials is that the flow of powders or grains is strongly non-Newtonian. [100] [101] [102] [103] [104] [105] [106] [107] [108] [109] For example, when a static sandpile at the angle of marginal stability is further tilted, the resulting movement, driven by gravity, is restricted to a narrow region typically ten grains down from the free surface, as shown in Fig. 2 . 36 This is in marked contrast to the manner in which a Newtionian fluid, such as water, would flow. In that case only the fluid in direct contact with the rigid base plate would be stationary ͑forming the ''noslip zone''͒ and the velocity of the water increases with distance from the base plate. For the granular system, the entire pile, save the top surface, is immobile, and there is a fairly sharp boundary, roughly one or two grains wide, separating the flowing region from the underlying static, rigid pile. Magnetic-resonance-imaging studies of continuously avalanching grains in a rotating cylinder find that the particle's velocity increases quadratically with distance from the boundary separating the flowing and static grains.
110 This velocity discontinuity yields a large shear force at this interface. As in the case of uniaxial compression, sand expands owing to shear, and this flow-driven dilatancy can lead to sieving and segregation of avalanching granular material owing to differing size or density. Recent studies have found that particles below this interface are not perfectly static, but rather exhibit creep, that is, slow motion observed on long time scales, which can extend to arbitrary depth within the sandpile.
101
The sensitivity to external driving, coupled with a nonlinear dependence on external constraints and sample history, has complicated efforts to develop a continuum model for granular dynamics.
111-114 One of the more successful attempts to model granular flow analytically is by Bouchaud and co-authors, 113 who represent a sandpile as consisting of two constituents, sticking or rolling grains. The latter are described by a mean velocity with a dispersion factor. The two hydrodynamical variables in the model are the height of the sandpile ͑that is, the density of immobile grains͒ and the density of rolling grains. By allowing for the interconversion between sticking and rolling states, they obtain a hysteresis whereby an angle of maximum stability, greater than the angle of repose, must be exceeded to induce an avalanche of flowing sand. 
VI. HOPPERS AND JAMMING
The combination of inhomogeneous force chains in a granular system and non-Newtonian fluid dynamics lead to significant properties when granular media drain gravitationally through an orifice in the bottom of a hopper. While the grains flow through the orifice as would a fluid, the detailed nature of the behavior of the granular material is quite different from that of a Newtonian liquid. For example, a container filled with water, open to atmospheric pressure at the top, will initially discharge rapidly through an opening in the baseplate owing to the large pressure of the volume of water in the tank. As this pressure head drops, the rate of discharge of the water decreases. In contrast, to first order, the flow of grains of sand through an equivalent open orifice occurs at the same rate regardless of the quantity of sand above the opening. 8, [115] [116] [117] [118] [119] [120] [121] This is because of the arching and force chains mentioned in Sec. III. The irregular contacts between grains leads to a fraction of the weight of the volume of sand above the orifice being transferred horizontally to the sidewalls of the container, rather than hydrodynamically to the material at the opening. The pressure on the grains of sand near the orifice arises only from a restricted, hemispherical volume approximately ten grains in radius from the opening, and is roughly independent of the amount of additional material in the container. This region is referred to as the ''freefall arch,'' which forms the boundary separating particles that are not in direct contact and accelerate freely owing to gravity, and the packed bed of compressed particles above. Because the discharge rate of granular systems is independent of the amount of material in the container, we have the practical application of the hour glass. When half of the sand has flowed through an ''egg timer,'' one equates this with half of the time necessary to fully drain the timer, which would only be true if the top container discharged at a constant rate.
Another indication that one is not dealing with a Newtonian fluid when considering the draining of granular material from a hopper is the evolution of the top surface of granular media. For example, the top surface of grains in a cylindrical hopper with a circular orifice in its baseplate initially will maintain a horizontal profile. As the amount of granular material in the cylinder decreases, a conical indentation forms as the material directly above the orifice feels its influence, while those grains off to the side remain stationary. The exact shape of this indentation along with the timing of its development is sensitive to both the container and orifice geometries. At the shear interface between the rigid granular material within the hopper and the flowing material draining through the bottom opening there can be significant convection rolls, which can lead to size segregation of a binary mixture of different size or mass granular materials. 8, 125, 126 An initially homogeneous mixture in a hopper will remain mixed as it empties from a hopper when the orifice is first opened, but will alternate between large and small particles ͑for example͒ as the hopper continues to drain. An understanding of this segregation phenomenon as a mixture empties from a hopper is obviously of importance for many industrial applications, from agricultural to pharmaceutical.
The suggestion that granular systems might be considered as analogous to melt-quenched glasses ͑whose properties are highly sensitive to the material's prior thermal history͒ has been extended by Liu and Nagel. 127 These authors suggest that the jammed state of a granular material is akin to a frozen glass at low temperatures. Just as raising the temperature of a glass leads to unjamming of the thermally arrested material, lowering the density of a jammed granular system similarly leads to fluid-like behavior. While both glasses and sand jam at high densities, the role of temperature in a glass is filled by an externally applied load for a sandpile. Further work is needed to determine whether this conceptual framework can serve as the basis of a more complete theory of granular media. The jamming probability in a quasi-two-dimensional hopper is measured, and the arch at the orifice is described using the formalism of a self-avoiding random walker. 
VII. VERTICALLY VIBRATED INDUCED PHENOMENA
One consequence of the highly inelastic collisions between grains in a granular system is that any fluid-like behavior is only observed when the system is continuously dynamically driven. As mentioned in Sec. II, the configuration of a granular system is determined in large part by the boundary conditions of the container that constrains the particles. One convenient technique for adding external energy to a granular system is through oscillations of the baseplate of the container in either the vertical ͑orthogonal to the plane of the baseplate͒ or horizontal ͑within the plane of the baseplate͒ directions. Michael Faraday reported in 1831 that when a granular system is sinusoidally, vertically vibrated through its base plate, convective rolls and heaping are observed.
131 For large amplitude A and high-frequency oscillations , where the acceleration of the container 2 A is larger than the acceleration owing to gravity g, the granular material achieves lift-off from the bottom of the container during certain phases of the vertical shaking cycle. The granular medium then dilates and generates a large-scale convective roll that transports granular material upwards in the center of the system and downwards at the sidewalls in rectangular or cylindrical containers. The net effect is the formation of a stable heap in the center.
132-137 A change of the container's boundary conditions can reverse the direction of the convective rolls, so that an indentation occurs in the center. 134 Grains are continuously flowing along the free surface of this heap. While there is no question that this heaping phenomenon results from convective rolls, as confirmed by Magnetic-Resonance-Imaging ͑MRI͒ studies, 138 the mechanism by which these rolls are created remains an open question. Friction at the sidewalls and intergrain pressure from the interstitial gas play a role in heap formation as well.
153
When an identical system is subjected to horizontal periodic vibrations of the baseplate, convective patterns also have been observed. Though not as extensively investigated as vertical vibrations, the smoothness of the boundaries is crucial for determining the details of the observed patterns in horizontally shaken systems.
139
For vertical vibrations in a large, shallow cylinder containing granular material, the free surface can exhibit a rich collection of standing-wave patterns as the oscillation amplitude and frequency are varied. The similarities to Faraday patterns in vibrated fluids is striking in certain circumstances, as shown in Fig. 3 , though the physical mechanisms underlying these surface structures is very different in the granular system.
140
Umbanhowar, Melo, and Swinney reported 141 that for a narrow but definite range of vibration amplitude and frequency, stable, two-dimensional localized excitations in a vibrating layer of sand could be observed. These excitations, which they termed ''oscillons'' ͑see Fig. 4͒ , have a propensity to assemble into ''molecular'' and ''crystalline'' structures. That is, a pair of oscillons beating 180 degrees out of phase with each other, can form a bound dimer pair, similar to a vortex-anti-vortex bound pair. Trimers and more complicated structures have also been reported. The fascinating zoology of patterns obtained from vibrating granular materials is not close to being explored exhaustively. [141] [142] [143] [144] A striking segregation effect, whereby large particles in a mixture of granular media of differing sizes rise to the top of a cylinder when continuously, periodically shaken in the vertical direction, is known as ''The Brazil Nut Problem. '' 145,146 This whimsical title reflects the observation that in a large can of mixed nuts, the bigger, heavier Brazil nuts will be found at the top of the mixture, rather than having settled to the bottom of the container. This phenomenon was first reported when studying the separation of pharmaceuticals as a function of vertical shaking in an effort to mix a disperse system. 145 The rising of larger particles to the top of a granular mixture has been attributed to a ratcheting mechanism. That is, an upward fluctuation of a large particle induced by the vertical shaking results in a void directly beneath this particle. 133, 136, 146 Other larger particles cannot fit into this narrow, constrained space, but smaller particles in the system can. In this way the large particle is prevented from moving downward with subsequent vertical shakes, and the large particle eventually creeps up to the top of the container. An alternative explanation proposes that convective rolls, whose presence is confirmed by MRI measurements, are continuously present as the system is vertically shaken. 134, 138, 147 These convective rolls entrain the larger particles, bringing them to the top surface. Once at the top of the container, the larger particles are unable to follow the convective rolls of the smaller grains that move downward at the sides of the container, and upward in its center. Strong support for the influence of convective rolls is the observation that alteration of the boundary conditions of the container can cause the rolls to reverse direction. Once the rolls move upward at the sidewalls and downward in the center, larger particles move to the bottom of the container with vertical shaking, rather than to the top. However, the subject is not closed, and experimental and theoretical studies on this question continue.
137,148 -153 
''On a Peculiar Class of Acoustical Figures; and on Certain Forms
Assumed by Groups of Particles upon Vibrating Elastic Surfaces,'' M. Faraday, Philos. Trans. R. Soc. London, 52, 299-340 ͑1831͒. Historically significant. ͑A͒ 132. ''Instability in a Sand Heap,'' P. Evesque and J. Rajchenbach, Phys.
Rev. Lett. 62, 44-46 ͑1989͒. Early, important experimental study of instabilities in free-surface profile that arise in granular system vertically vibrated. ͑E͒ 133. ''Vibrated Powders: A Microscopic Approach,'' Anita Mehta and C.
C. Barker, Phys. Rev. Lett. 67, 394 -397 ͑1991͒. A three-dimensional microscopic model is described for a granular system subjected to vertical vibration, with attention paid to the competition between collective and single-particle excitations. ͑A͒ 134. ''Effects of Container Geometry on Granular Convection,'' E. L.
Grossman, Phys. Rev. E 56, 3290-3300 ͑1997͒. ͑A͒ 135. ' 
VIII. AVALANCHE STRATIFICATION
When a mixture of large and small granular media is poured into a vertical Hele-Shaw cell, consisting of two vertical transparent plates held apart with a narrow separation, mounted on a horizontal baseplate, another striking segregation effect may be observed. 154 Typically, these two vertical plates are closed at one end, but this is not crucial to observe the segregation phenomenon. Initially, the granular mixture forms a pile at the bottom of the cell. As the pile grows, two segregation phenomena may be observed, even when care is taken to ensure that the granular mixture is not segregating as it leaves the hopper above the Hele-Shaw cell. The larger particles will tend to accumulate at the bottom of the growing pile, leaving the smaller particles separated near the top. Since to first order the velocity of the falling grains is independent of their size, both large and small grains arrive at the top of the pile with the same velocity. However, their mass difference leads to different kinetic energies. As the particles move in an avalanche down the sandpile's free surface, they suffer inelastic collisions with the other particles in the pile. The larger particles require more collisions to exhaust their initial kinetic energy and are more likely to continue moving down to the bottom of the pile, where they come to rest and accumulate, leaving the smaller particles on top.
155
In addition to this segregation, certain granular mixtures can display a stratification effect, whereby the avalanching material separates into alternating layers of large and small grains. 154,156 -161 There are essentially two mechanisms that have been proposed to account for this stratification effect. One model suggests that stratification does not begin until the pile has reached a size such that even the most energetic particles cannot make it down to the bottom of the sandpile. At this point a metastable wedge forms. When the top surface of this wedge exceeds the maximum angle of stability, the material within the wedge moves in an avalanche down the top surface. As the granular mixture flows, it dilates owing to the shear force arising from the sharp velocity discontinuity between the flowing layer and the rigid pile. In this expanded, flowing layer, the smaller particles may drop down to the rigid surface beneath the flowing layer. The metastable wedge thereby separates into two layers of small particles underneath a layer of large particles. 157, 160 The alternative model posits that stratification occurs continuously as the material flows down the top surface, with the smaller particles, which are more susceptible to inelastic collisions, 162 being caught in small gaps, and stopping first. 156, 158, 161 The ''metastable-wedge'' argument accounts for the observation that stratification only occurs once a critical height of the pile is reached, and that its onset may be varied by changing the kinetic energy of the incoming granular mixture added to the top of the growing pile. 160 However, the observation of an upward-moving density wave during the layering process is well described by the ''continuousflow'' model. Which mechanism dominates turns out to be a sensitive function of the cell geometry and granular-flow rates. 160 For certain configurations both mechanisms compete, leading to ''pairing'' of small particle bands. 157, 160 Shear flows as granular material moves in an avalanche down an inclined slope, either in chute flow or along the surface of a sandpile tilted above the angle of maximum stability, can exhibit cluster formation, roll waves, or a fingering instability as the granular front propagates.
163

IX. AXIAL SEGREGATION
Consider a cylinder partially filled with a binary mixture of granular materials differing in size or density and positioned so that its long axis is parallel to the horizontal plane. The cylinder is now rotated about its long axis, like a drum mixer. If the cylinder is more than 50% filled by volume, then either segregation of the mixture of granular materials about the axis of rotation or if the system is initially prepared in a segregated state, patterning may occur. 164 -168 This is because only a narrow wedge near the top surface is free to flow as the system is rotated. Geometric shadowing will determine the amount of material affected by the rotation. In this way a central segregated core near the axis of rotation will either become mixed or patterned depending on the extent to which the material within an avalanching wedge intersects the central region. Depending on the configuration of the container and the amount of material present, this shadowing can lead to a variety of patterns of the binary granular mixtures as the cylinder is rotated.
If the system is less than 50% filled with a granular mixture by volume, then two other distinct types of segregation may occur. Initially, within the first few rotations of the cylinder, a fraction of the smaller particles will concentrate near the axis of rotation. [169] [170] [171] [172] [173] MRI studies have confirmed that this ''radial segregation'' occurs along the entire length of the cylinder, 174 though initially it had been studied in quasi-twodimensional cylinders that are only a few particle diameters long. This radial segregation results from the sieving of the smaller grains through the dilated, top avalanching surface. In addition, depending on the rotation speed of the cylinder, a second segregation effect may be observed. [175] [176] [177] [178] [179] [180] [181] [182] [183] [184] [185] [186] In this case the granular material forms nearly homogeneous alternating bands of large and small particles, which occur along the length of the cylinder like rings on a finger, as illustrated in Fig. 5 . This phenomenon is termed ''axial segregation.'' The location and width of the bands varies randomly from trial to trial. MRI studies find that the radially segregated state persists even in the presence of the axial segregation, 174 so that a band of large particles is actually an outer ring of large beads, with a core of small particles near the axis of rotation. Certain systems display a reversible axialsegregation effect, in that a homogeneous mixed state will form alternating segregated bands when the cylinder is rotated at a relatively high rotation speed ͑typically ϳ15 rpm or higher͒, while if rotation is then continued but at a slower speed ͑such as ϳ5 rpm) the segregated bands disappear and the mixed state is restored. 184, 185 However, MRI studies find that even in this ''re-mixed'' state the radial segregated core remains.
174
The standard model for axial segregation involves the angle the avalanching material makes with the back wall of the cylinder. As the cylinder rotates, the granular material maintains contact with the back wall of the cylinder until the angle of maximum stability is reached, at which point the grains flow down the top surface, and are then brought back up again as the cylinder turns. Even at 5 rpm, the granular material is in constant motion down the free surface. Viewed from the side, the granular material forms a ''dynamic angle of repose,'' which depends on the properties of the granular material, the rotation speed of the cylinder, the frictional characteristics of the cylinder wall, and the concentration ͑ratio of large to small beads, for example͒ of the mixture. It is found that, for a given rotation speed, a mixture of large and small beads that have the same density ͑mass/bead volume͒ maintains contact with the back wall to a greater height, than for an identical cylinder filled either with all large or all small beads. A collection of all large particles, for example, will have several large voids and arches, while a 50/50 mixture can have these open spaces filled with smaller beads. In this way the granular mixture is more compact and stiffer than the same volume of monodisperse large beads, and hence can be tilted to a larger angle before an avalanche occurs. This concentration dependence of the dynamic angle of repose accounts for the axial-segregation effect. At a relatively high rotation speed, such as 15 rpm, the granular mixture forms a larger dynamic angle of repose than if only large particles are present. However, random collisions between the avalanching beads can result in concentration fluctuations, where the number of large beads in one section of the cylinder is greater than the average. In this case the dynamic angle of repose of the section enriched with large particles will be lower than the adjoining regions, which consist of the average mixed state. A large bead at the interface of this fluctuation-induced large-bead-enhanced region can therefore lower its gravitational potential energy by falling from the mixed state into this region. In this way the initially narrow large-bead-rich region acquires additional large beads and grows in width. Moreover, as more and more large beads drift from the mixed regions to the large-bead band, the mixed state becomes richer in small beads. In this way, fluctuations of more ordered regions ͑that is, concentrations differing from the average͒ will be stabilized and grow, owing to interactions at its interface. Of course, random collisions at the interface also will lead to standard Fickian diffusion, which will tend to re-mix the large-bead band back into the mixed state. When these two effects of gravitational drift and Fickian diffusion are combined, the resulting time dependence for the spatial concentration of large beads is described by a ''diffusion equation'' with an effective diffusion coefficient that is the difference of two terms reflecting drift and diffusion. At 15 rpm, drift dominates over diffusion and the effective diffusion coefficient is negative, describing a situation where an ordered fluctuation is stable and grows in time. For certain granular mixtures at slower rotation speeds ͑such as 5 rpm͒ there is no difference in the dynamic angle of repose between the mixed and all-large-bead states. In this case there is no drift term. If the state is mixed, it will stay mixed, and if axially segregated, random collisions return the alternating bands to a homogeneous mixed state. Systems for which the mixed-state dynamic angle of repose is larger than the large-bead case at all rotation speeds demonstrate a nonreversible axial-segregation effect, and those for which there is no angle difference at any speed never segregate ͑aside from radial segregation͒.
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While this explanation is consistent with observations of axial segregation and measurements of the concentration dependence of the dynamic angle of repose, MRI studies have found that concentration modulations in the bulk of the granular system may be present that do not extend to the top of the free-flowing rotating surface. 174 That is, there can be more axially segregated structure within the bulk than present on the top surface, which casts doubt on a ''dynamicangle-of-repose'' model that posits that the segregation mechanism is purely a surface effect, driven by height variations of the top flowing layer. Rather, MRI studies indicate that the depth of the avalanching material is greater for binary mixtures than for single-phase regions. This suggests that churning of the radially segregated core by the avalanching wedge induces concentration fluctuations, which in turn are reflected in the surface dynamic angle of repose. 189, 190 These height variations may then stabilize and reinforce the concentration modulations, leading to a quasi-stable axially segregated banding pattern.
In addition to the radial segregation of smaller particles within the interior of the rotating granular mixture, there is another phenomenon that is observed prior to the formation of stable axially segregated bands. This is transient bands of segregated materials that appear as bidirectional traveling waves when viewed from the top flowing surface. 191, 192 These initial traveling-wave patterns eventually stabilize to form the pattern of axially segregated bands discussed above. Continued rotation for longer times leads to coarsening and evolution of this banding pattern. Ottino, Phys. Fluids 9, 31-43 ͑1997͒. Surface flow for monodisperse granular media in a horizontal rotating cylinder is investigated using digital-image analysis. The variation of the average velocity of the flowing material as a function of rotation speed, particle properties, and depth toward the axis of rotation is described. ͑I͒ 169. ' 
X. GRANULAR MEDIA AND TRAFFIC
The connection between granular media and other complex, nonequilibrium systems, such as glasses or automobile traffic, have been made by many authors. 19, 73, 185 Indeed, the nonlinear diffusion equation that describes the conditions for which axial segregation is observed has also been employed to describe the spontaneous formation of traffic jams in highway flow. [195] [196] [197] [198] [199] At large auto densities, drivers pack their cars to a point of marginal stability, limited by the drivers' awareness of traffic conditions ahead of them and their finite response time. This densely packed state is unstable against fluctuations, so that one driver suddenly slowing down or even just tapping his or her brakes can lead to a backward propagating avalanche of stopped cars ͑that the lead car which instigated the jam will not be part of͒. However, one should approach cautiously this or any other metaphor for granular systems. To say that a sandpile is similar to traffic ͑or that protein dynamics is similar to glassy relaxation͒ is simply transferring ignorance from one field to another ͓S. R. Nagel, private communication, 1987͔. Unless the simile leads to new insights into either granular media or highway flow, the mere demonstration that two distinct, complex systems may be described by the same differential equation is not overly instructive. Better to study a sandpile and learn its ways. If nothing else, scientific justifications for a trip to the beach are far too rare to be passed up.
